
Linear Algebra II
07/04/2022, Thursday, 16:00 - 18:00

1 (7 + 7 + 6 = 20 pts) inner product spaces

Let V be a finite-dimensional vector space with inner product (•, ■) : V x V -e K. Let 
{ui,U2,.. •, un} be an orthonormal basis of V.

(a) Show that any vector n £ V can be expressed as

V = {v, Ui) Ui + {v, u2)u2-\-------- h {v, un) un.

(b) Let ip : V —^ M be a linear map. That is, <p{ciWi + C2W2) = Cip(wi) + c2ip{w2) for all 
Ci, C2 € R and wi7w2 £ V. Show that there exists a vector n £ V such that

<p{v) = (u,v)

for all v £ V-

(c) Show that the vector u in (b) is unique. In other words, prove that if

ip{v) = (ui,v) and <p(t>) = {u2,v) for all u £ V

then ui = u2.

2 (6 + 12 + 6 = 24 pts) Singular value decomposition

Consider the matrix A given by
'1 0 '
2 -2 .

0 1 _

(a) Show that the singular values of A are cri = 3 and <72 = 1.

(b) Find a singular value decomposition of A.

(c) Compute the best rank 1 approximation of A.



3 (4+ 5 + 5 + 54-5 = 24 pts) Positive semi-definite matrices

Let A E Rnxn be a symmetric matrix. The notation A ^ 0 means: A is positive semi- 
definite.

(a) Prove that if A ^ 0 then all its eigenvalues A satisfy A > 0.

(b) Also prove the converse: if all eigenvalues A of A satisfy A ^ 0 then A ^ 0.

(c) For r = 0,1,... n, let Ar be the leading principal submatrices of A. Prove that if 
A ^ 0 then Ar ^ 0 for all r.

(d) Prove that if A ^ 0 then det(Ar) ^ 0 for all r.

(e) Does the converse implication of statement (d) also holds? If not, give a counterex
ample.

^ (4 + 5 + S + 3 + 4 + 3 — 22 pts) Jordan normal form

Suppose A G CnXn and let pa{z) be its characteristic polynomial.

(a) Let q(z) be a polynomial that annihilates A. Prove that every eigenvalue A of A is a 
root of q{z), i.e. g(A) = 0.

(b) Let pmin{z) be the minimal polynomial of A. Prove that pmin{z) is a divisor of Pa{z), 
i.e. there exists a polynomial d{z) such that Pa{z) = d{zip^Az).

(c) Prove that every root of pmin(^) is an eigenvalue of A.

Now let n = 4 and define

A ;=

0
1
1
1

0 0 0 
0 0 0 
1 2 0 
1 0 2

(d) Determine the eigenvalues of A and their geometric multiplicities.

(e) Determine the Jordan normal form of A.

(f) Determine the minimal polynomial of A.

10 pts free


